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Abstract. We give an explicit construction of the increasing tree-valued process introduced by 
Abraham and Delmas using a random point process of trees and a grafting procedure. This random 
point process will be used in companion papers to study record processes on Levy trees. We use 
the Poissonian structure of the jumps of the increasing tree-valued process to describe its behavior 
at the first time the tree grows higher than a given height. We also give the joint distribution of 
this exit time and the ascension time which corresponds to the first infinite jump of the tree-valued 
process. 



1. Introduction 

Levy trees arise as a natural generalization to the continuum trees defined by Aldous _8_^. They 
are located at the intersection of several important fields: combinatorics of large discrete trees, Levy 
processes and branching processes. Consider a branching mechanism i/i, that is a function of the form 

(1) = a\ + + ( (c"^^-l + Aa;l{^<i})n(da;) 

^(0,+co) 

with a S M, /3 > 0, n a Levy measure such that /^^ 1 A Ii{dx) < +oo. In the (sub)critical case 
ip'{0) > 0, Le Gall and Le Jan |25j defined a continuum tree structure, which can be described by a 
tree T, for the genealogy of a population whose size is given by a CSBP with branching mechanism 
ip. We shall consider the distribution ¥f{dT) of this Levy tree when the CSBP starts at mass r > 0, 
or its excursion measure N'^[dT^, when the CSBP is distributed under its canonical measure. The 
■(/i-Levy tree possesses several striking features as pointed out in the works of Duquesne and Le Gall 
[131 m]. For instance, the branching nodes can only be of degree 3 (binary branching) if /3 > or of 
infinite degree (when removing the branching point, the tree is separated in infinitely many connected 
components) if 11 ^ 0. Furthermore, there exists a mass measure on the leaves of T, whose total 
mass corresponds to the total population size a = m^(T) of the CSBP. We shall also consider the 
extinction time of the CSBP which corresponds to the height H„iax{T) of the tree T. The results 
can be extended to the super-critical case, using a Girsanov transformation given by Abraham and 
Delmas 0. 

In [2], a decreasing continuum tree- valued process is defined using the so-called pruning procedure 
of Levy trees introduced in Abraham, Delmas and Voisin [7 . By marking a ^-Levy tree with two 
different kinds of marks (the first ones lying on the skeleton of the tree, the other ones on the nodes 
of infinite degree), one can prune the tree by throwing away all the points having a mark on their 
ancestral line connecting them to the root. The main result of [7 is that the remaining tree is still a 
Levy tree, with branching mechanism related to if). The idea of [2 is to consider a particular pruning 
with an intensity depending on a parameter 0, so that the corresponding branching mechanism is 
■0 shifted by 9: 

^e(A) =^(0 + A)-^(0). 
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Letting 9 vary enables to define a decreasing tree- valued Markov process (Te, 9 £ Q^), with 8''' C M 
the set of 9 for which tpg is well-defined, and such that Te is distributed according to N"^" . If we write 
ag = in'''' {Tg) for the total mass of Tg, then the process {ag,9 G Q'^) is a pure-jump process. The 
case n = was studied by Aldous and Pitman [3]. The time-reversed tree- valued process is also a 
Markov process which defines a growing tree process. Let us mention that the same kind of ideas 
have been used by Aldous and Pitman [10' and by Abraham, Delmas and He [5 in the framework of 
Galton- Watson trees to define growing discrete tree-valued Markov processes. 

In the discrete framework of [5|, it is possible to define the infinitesimal transition rates of the 
growing tree process. In [19', Evans and Winter define another continuum tree- valued process using a 
prune and re-graft procedure. This process is reversible with respect to the law of Aldous's continuum 
random tree and its infinitesimal transitions are described using the theory of Dirichlet forms. 

In this paper, we describe the infinitesimal behavior of the growing continuum tree- valued process, 
that is of {Tg,9 G Q"^) seen backwards in time. The Special Markov Property in [J describes only 
two-dimensional distributions and hence the transition probabilities but, since the space of real trees 
is not locally compact, we cannot use the theory of infinitesimal generators to describe its infinitesimal 
transitions. Dirichlet forms cannot be used either since the process is not symmetric (it is increasing). 
However, it is a pure-jump process and our first main result shows that the infinitesimal transitions 
of the process can be described using a random point process of trees which are grafted one by one on 
the leaves of the growing tree. More precisely, let {9j;j £ J} be the set of jumping times of the mass 
process {ag,9 £ 0'^). Then, informally, at time dj, a tree distributed according to N'''''^ [T £ •], 
with: 

N'''" [T e •] = 2/3N'^« [T e •] + / H(dr)re-''''P^(r e •), 

"'(0,+oo) 

is grafted at Xj , a leaf of Tg^ chosen at random (according to the mass measure rn7'''j ) . We also prove 
that the random point measure 

has predictable compensator: 

in^o{dx)N'^'[dT] l{g^e^} d9 

with respect to the backwards in time natural filtration of the process. See Corollary |3.4| for a precise 
statement. 

Notice that the precise statement relies on the introduction of the set of locally compact weighted 
real trees endowed with a Gromov-Hausdorff-Prohorov distance. Therefore, we will assume that 
Levy trees are locally compact which corresponds to the Grey condition: /^°° < oo. In the 
(sub) critical case this implies that the corresponding height process of the Levy tree is continuous and 
that the tree is compact. However, the tree-valued process is defined in [Tj without this assumption 
and we conjecture that the jump representation of the tree-valued Markov process holds without this 
assumption. 

The representation using the random point measure allows to describe the ascension time or explo- 
sion time (when it is defined): 

A = mi{9£e'^, (jg <oo} 

as inf {0j , m'''^ (T-' ) < oo}, the first time (backward!) a tree with infinite mass is grafted. This 
representation is also used in Abraham and Delmas |S1 II] respectively on the asymptotics of the 
records on discrete subtrees of the continuum random tree and on the study of the record process in 
general Levy trees. 

This structure, somewhat similar to the Poissonian structure of the jumps of a Levy process (al- 
though in our case the structure is neither homogeneous nor independent), enables us to study the 
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exit time of first passage of the growing tree- valued process above a given height: 

Ah = sup{0 e e''', H^aATe) > h}. 



We give the joint distribution of the ascension time and the exit time {A, Ah), see Proposition 4.3 In 
particular, Ah goes to A as h goes to infinity: for h very large, with high probability the process up 
to A will not have crossed height h, so that the first jump to cross height h will correspond to the 
grafting time of the first infinite tree, which happens at the ascension time A. 



We also give in Theorem 4.6 the joint distribution of (Ta^ - j Ta^ ) the tree just after and just before 
the jumping time Ah- And we give a decomposition of Ta^ along the ancestral branch of the leaf on 
which the overshooting tree is grafted, which is similar to the classical Bismut decomposition of Levy 
trees. Conditionally on this ancestral branch, the overshooting tree is then distributed as a regular 
Levy tree, conditioned on being high enough to perform the overshooting. This generalizes results 
in [3j about the ascension time of the tree-valued process. Notice that this approach could easily be 
generalized to study spatial exit times of growing families of super-Brownian motions. 

All the results of this paper are stated in terms of real trees and not in terms of the height process 
or the exploration process that encode the tree as in [7]. For this purpose, we define in Section [2^ the 
state space of rooted real trees with a mass measure (called here weighted trees or w-trees) endowed 
with the so-called Gromov-Hausdorff-Prohorov metric defined in Abraham, Delmas and Hoscheit [B] 
which is a slight generalization of the Gromov-HausdorfF metric on the space of metric spaces, and 
also a generalization of the Gromov-Prohorov topology of [20] on the space of compact metric spaces 
endowed with a probability measure. 

The paper is organized as follows. In Section [2j we introduce all the material for our study: the 



state space of weighted real trees and the metric on it, see Section 2.2 ; the definition of sub(critical) 
Levy trees via the height process ; the extension of the definition to super-critical Levy trees ; the 
pruning procedure of Levy trees. In Section [3] we recall the definition of the growing tree-valued 
process by the pruning procedure as in [7] in the setting of real trees and give another construction 
using the grafting of trees given by random point processes. We prove in Theorem |3.2| that the two 
definitions agree and then give in Corollary |3.4| the random Point measure description. Section [4] is 
devoted to the application of this construction on the distribution of the tree at the times it overshoots 
a given height and just before, see Theorem |4.6[ 



2. The pruning of Levy trees 

2.1. Real trees. The first definitions of continuum random trees go back to Aldous [5]. Later, Evans, 
Pitman and Winter [18] used the framework of real trees, previously used in the context of geometric 
group theory, to describe continuum trees. We refer to [TT] [24] for a general presentation of random 
real trees. Informally, real trees are metric spaces without loops, locally isometric to the real line. 
More precisely, a metric space (T, d) is a real tree (or R-tree) if the following properties are satisfied: 

(1) For every s,t £ T, there is a unique isometric map fs_t from [0, d{s, t)] to T such that /^ t (0) — s 
and fs,tid{s,t)) = t. 

(2) For every s,i G T, if g is a continuous injective map from [0, 1] to T such that q{0) = s and 
q{l)=t, theng([0,l]) = /,^t([0,d(s,t)]). 

We say that a real tree is rooted if there is a distinguished vertex 0, which will be called the root of 
T. Such a real tree is noted {T,d,^). li s,t £ T, we wiU note |s,t] the range of the isometric map 
fs.t described above. We will also note |s, tf for the set |s, t} \ {t}. We give some vocabulary on real 
trees, which will be used constantly when dealing with Levy trees. Let T be a real tree, li x £ T, we 
shall call degree of x, and note by n(x), the number of connected components of the set T \ {x}. In a 
general tree, this number can be infinite, and this will actually be the case with Levy trees. The set 
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of leaves is defined as: 

Lf(T) = {x e T\{0}, n{x) = 1}. 

If n{x) > 3, we say that x is a branching point. The set of branching points wiU be noted Br(r). 
Among those, there is the set of infinite branching points, defined by 

Broo(T) ^{xe Br(r), n{x) = cx^}. 

FinaUy, the skeleton of a real tree, noted Sk(T), is the set of points in the tree that aren't leaves. It 
should be noted, following Evans, Pitman and Winter [18^, that the trace of the Borel cr-field of T on 
Sk(r) is generated by the sets |s, s'], s,s' S Sk(T). Hence, it is possible to define a cr-finite Borel 
measure l'^ on T, such that 

l'^(U(T)) = and Z^ds, s']) = d{s, s'). 

This measure will be called length measure on T. If x, y are two points in a rooted real tree (T, d, 0), 
then there is a unique point z G T, called the Most Recent Common Ancestor (MRCA) of x and y 
such that |0, x] n |0, y] = |0, z]. This vocabulary is an illustration of the genealogical vision of real 
trees, in which the root is seen as the ancestor of the population represented by the tree. Similarly, if 
X € T, we shall call height of x, and note by the distance d(0, x) to the root. The function x i— )■ 
is continuous on T, and we define the height of T: 

H,nax (T) = sup ■ 

2.2. Gromov-Prohorov metric. 

2.2.1. Rooted weighted metric spaces. This Section is inspired by [16], but for the fact that we include 
measures on the trees, in the spirit of [17]. The detailed proofs of the results stated in this Section 
are in [S]. 

Let {X, d-^) be a Polish metric space. For A,Bg I3{X), we set: 

d^{A,B) ^ inf{£ > 0, A C and B C A"}, 

the Hausdorff distance between A and B, where A^ = {x G X, infj,g^ d''^ {x, y) < e} is the e-halo set 
of A. If X is compact, then the space of compact subsets of X, endowed with the Hausdorff distance, 
is compact, see theorem 7.3.8 in \T2l. 

Recall that a Borel measure is locally finite if the measure of any bounded Borel set is finite. We 
will use the notation J\4f{X) for the space of all finite Borel measures on X. li G Aif{X), we 
set: 

dp (^, v) = inf{e > 0, n{A) < viA") + e and v{A) < ^J.{A'') + e for all closed set A}, 

the Prohorov distance between /i and v. It is well known that (tM f{X), dp) is a Polish metric space, 
and that the topology generated by dp is exactly the topology of weak convergence (convergence 
against continuous bounded functionals). 

If $ : A" — > is a Borel map between two Polish metric spaces and if yit is a Borel measure on X, 
we will note the image measure on X' defined by = for any Borel set A C X. 

Definition 2.1. 

• A rooted weighted metric space X = {X,d^ , fj,^) is a metric space {X,d^) with a distin- 
guished element 0"^ G X and a locally finite Borel measure ji^ . 

• Two rooted weighted metric spaces X = (AT, d"^ , 0^^, z^"^) and X' ~ (X', d^ , %^ , fi^ ) are said 
GHP-isometric if there exists an isometric bijection ^ : X X' such that $(0'^) = 0^^ and 
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Notice that if {X, d^) is compact, then a locaUy finite measure on X is finite and belongs to Mf{X). 
We will now use a procedure due to Gromov |21) to compare any two compact rooted weighted metric 
spaces, even if they are not subspaces of the same Polish metric space. 

2.2.2. Gromov-Hausdorjf-Prohorov distance for compact metric spaces. Let X — {X,d,(l}, fi) and X' — 
(X', c?', 0', /i') be two compact rooted weighted metric spaces, and define: 

(2) d^Hpl-^-, X') ^ inf (4(<i>(X), + d^($(0), $'(0')) + dU^.^,, , 

where the infimum is taken over all isometric embeddings ^ : X ^ Z and ^' : X' ^ Z into some 
common Polish metric space {Z,d^). 

Note that equation ([2| does not actually define a distance function, as dQ^p{X , X') = if A" and 
X' are GHP-isometric. Therefore, we shall consider K, the set of GHP-isometry classes of compact 
rooted weighted metric space and identify a compact rooted weighted metric space with its class in 
K. Then the function dgHP finite on K^. 

Theorem 2.2. The function d'^Qjjp defines a metric on K and the space (K, d'^Q^p) is a Polish metric 
space. 

We shall call dQjjp the Gromov-Hausdorff-Prohorov metric. This extends the Gromov-Hausdorff 
metric on compact metric spaces, see |12j section 7, as well as the Gromov-Hausdorff-Prohorov metric 
on compact metric spaces endowed with a probability measure, see [57]. See also [50] for an other 
approach on metric spaces endowed with a probability measure. 

2.2.3. Gromov-Hausdorff-Prohorov distance. However, the definition of Gromov-Hausdorff-Prohorov 
distance on compact metric space is not yet general enough, as we want to deal with unbounded trees 
with cr-finite measures. To consider such an extension, we shall consider complete and locally compact 
length spaces. 

We recall that a metric space {X, d) is a length space if for every x, ?/ S X, we have: 

d{x,y) = inf L(7), 

where the infimum is taken over all rectifiable curves 7 : [0, 1] — !■ X such that 7(0) — x and 7(1) — y, 
and where ^(7) is the length of the rectifiable curve 7. 

Definition 2.3. Let L be the set of GHP-isometry classes of rooted weighted complete and locally 
compact length spaces and identify a rooted weighted complete and locally compact length spaces with 
its class in L. 

li X — {X, d, 0, p.) e L, then for r > we will consider its restriction to the ball of radius r centered 
at 0, A-W = (xW,d('-),0,/^('-)), where 

={a;eX;rf(0,a;) <r}, 

the metric c?'-''-' is the restriction of d to X'-'^\ and the measure fi^'^''{dx) — lx(r){x) p{dx) is the 
restriction of p to X'^'^\ Recall the Hopf-Rinow theorem implies that if {X,d) is a complete and 
locally compact length space, then every closed bounded subset of X is compact. In particular if X 
belongs to L , then A'^''' belongs to K for all r > 0. 

We state a regularity Lemma of c^qhr with respect to the restriction operation. 

Lemma 2.4. Let X and y belong to L. Then the function defined on M_|_; 

r^d'^aHp{x(^\y^''^) 

is cddldg. 
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This implies that the following function is well defined on L^: 

dGHp{X,y) = £ (l A d^HP (X^''\y^''^)) dr. 

Theorem 2.5. The function dcHP defines a metric on L and the space (L, dcHp) is a Polish metric 
space. 

The next result, implies that ^Qfjp and dcHP defines the same topology on Kn L. 

Theorem 2.6. Let n G N) and X he elements o/KnL. Then the sequence {X^n £ N) converges 
to X in (K, dgjLfp) if and only if it converges to X in (L, dcifp)- 

2.2.4. The space of w-trees. Note that real trees are always length spaces and that complete real trees 
are the only complete connected spaces that satisfy the so-called four-point condition: 

(3) Wxi,X2,X3,X4 £ X, d{xi,X2) +d{x3,X4) < {d{xi,X3) +d{x2,Xi)) V {d{xi,Xi) + d{x2,X3)). 

Definition 2.7. We denote by T be the set of (GHP-isometry classes of) complete locally compact 
rooted real trees endowed with a locally finite Borel measure, in short w-trees. 

We deduce the following Corollary from Theorem |2.5| and the four-point condition characterization 
of real trees. 

Corollary 2.8. The set T is a closed subset o/L and {T,dQHp) is a Polish metric space. 

2.3. Height erasing. We define the restriction operators on the space of w-trees. Let a > 0. If 
(T, d, 0, m) is a w-tree, let 

(4) na{T) = {x£T, d{%,x)<a} 

and (7rci(T), d'^"^^^ 0, m'^''^^)) be the w-tree constituted of the points of T having height lower than 
a, where d'^"*^"^' and m'^"^-'") are the restrictions of d and m to i:a{T). When there is no confusion, we 
will also write T:a{T) for (7ra(r), d'^''^^', 0, m'^^C^)). We will also write T(a) = {x £T, d(0, x) = a) for 
the level set at height a. We say a w-tree T is bounded if iiaiT) = T for some finite a. Notice that a 
tree T is bounded if and only if H„iaxiT) is finite. 

2.4. Grafting procedure. We will define in this section a procedure by which we add (graft) w-trees 
on an existing w-tree. More precisely, let T S T and let ((1^, Xi), i S /) be a finite or countable family 
of elements of T x T. We define the real tree obtained by grafting the trees Ti on T at point Xi. We 
set f = TU (U,e/'^A{0^'}) where the symbol U means that we choose for the sets T and {Ti)i^i 
representatives of isometry classes in T which are disjoint subsets of some common set and that we 
perform the disjoint union of all these sets. We set 0^ — . The set T is endowed with the following 
metric d"^: if s,i S T, 

{d^{s,t) iis,t£T, 

d^(s,xO + d^'(0^-,i) ifseT, terA{0^'}, 

d^^{s,t) if.,terA{0^'}, 

d^(x„:r,) + d^^(0^^ s) + d^'(0^%i) ili^j and s £ r,\{0^^}, t £ TA{0^-}- 

We define the mass measure on T by: 

m'^ = m^ + ^ lj,^\{0T.}m'^' + m^" ({0'^'})4, , 

where 5x is the Dirac mass at point x. It is clear that the metric space (T, d"^,0"^) is still a rooted 
complete real tree. However, it is not always true that T remains locally compact (it still remains a 
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length space anyway), or, for that matter, that m-^ defines a locally finite measure (on T). So, we 
will have to check that (T, d"^, 0^, m-^) is a w-tree in the particular cases we will consider. 
We will use the following notation: 

(5) (f,d^,0^,m*)=T®,e/m,a;.) 
and write T instead of (T, c?'^, 0-^, m^) when there is no confusion. 

2.5. Real trees coded by functions. Levy trees are natural generalizations of Aldous's Brownian 
tree, where the underlying process coding for the tree (reflected Brownian motion in Aldous's case) 
is replaced by a certain functional of a Levy process, the height process. Le Gall and Le Jan |25j and 
Duquesne and Le Gall [14] showed how to generate random real trees using the excursions of a Levy 
process. We shall briefly recall this construction, in order to introduce the pruning procedure on Levy 
trees. Let us first work in a deterministic setting. 

Let / be a continuous non-negative function defined on [0, +oo), such that /(O) — 0, with compact 
support. We set: 

a-'=sup{t;/(t)>0}, 
with the convention sup = 0. Let be the non-negative function defined by: 

df{s,t)^ f{s) + f{t)-2 inf f(u). 

Jie[sAt,sVt] 

It can be easily checked that d^ is a semi-metric on [0,(T-^]. One can define the equivalence relation 
associated to by s ~ i if and only if d-^{s,t) — 0. Moreover, when we consider the quotient space 

Tf = [0,0-^]/^ 

and, noting again d^ the induced metric on and rooting at 0-^, the equivalence class of 0, 
it can be checked that the space (T-^, d-'', 0^) is a compact rooted real tree. We denote by p-^ the 
canonical projection from [0, a-^] onto T-^, which is extended by p^{t) — 0-^ for t > . Notice that p^ 
is continuous. We define m^, the mass measure on Tf as the image measure on of the Lebesgue 
measure on [0, cr^] hy p^ . We consider the (compact) w-tree (T-^, d-'', 0-^, m-''), which we shall denote 
Tf. 

It should be noted that, if a; G is an equivalence class, the common value of / on all the points 
in this equivalence class is exactly df{%,x) — H^- Notice that, in this setting, Hmax{T^) = ||/||oo 
where ||/||oo stands for the uniform norm of /. 

We have the following elementary result (see Lemma 2.3 of [14^ when dealing with the Gromov- 
Hausdorff metric instead of the Gromov-Hausdorff-Prohorov metric) . 

Proposition 2.9. Let f,g be two compactly supported, non-negative continuous functions with /(O) = 
.g(0) = 0. Then: 

(6) d^^p(T^T«)< 611/ -g|U + k^-a«|. 

Proof. The Gromov-Hausdorff distance can be evaluated using correspondences, see section 7.3. 
A correspondence between two metric spaces {Ei, di) and {E2, d2) is a subset 7?. of _Ei x E2 such that 
for 5 £ {1,2} the projection of TZ on E^ is onto: {xs]{xi,X2) G 7?.} = Eg. The distortion of TZ is 
defined by: 

dis (7^) = sup{|di(a;i,yi) - d2(x2,y2)|; (a;i,?;i) G Tl, (^2,^2) e 7^} . 
Let Z ^ El VA E2 hj the disjoint union of Ei and E2 and consider the function d^ defined on Z"^ by: 
d^ = da on Ej for 5 £ {1, 2} and for xi e Ei, X2 G E2: 

d^{xi,X2) = inf jdi(a;i,j/i) -f ^ dis (7^) +d2(y2,a:^2); (2/1,2/2) e 7^| . 
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Then if dis (TZ) > 0, the function is a metric on Z. And we have: 

dfiiEi,E2)<^dis (7^). 

Let f,g be two compactly supported, non-negative continuous functions with /(O) = g{0) = 0. 
Following il4j, we consider the following correspondence between T-^ and T®: 

n = {{x^\x3); ^pf (t) and x^ = p\t) for some t > 0} , 

and we have dis (7?.) < 4 || / — according to the proof of Lemma 2.3 in 14J. Notice ,%^) G 7?,. 
Thus, with the notation above and Ei ~ , E2 — , we get: 

4(r^r^)<2||/-.g|U and d^(0^ 0«) < 2 |1 / - g |L . 

Then, we consider the Prohorov distance between m-'' and m^. Let be a Borel set of T-l" . 
We set I = {t € [0,a^]; pf {t) e A}. By definition of m-'', we have inf{A^) = Leb(/). We set 
A3 =p9(/n [0,af]) so that mS(Af) = Leb(J n [0, a^]) > Leb(/) - |cr-^ - erf |. By construction, we also 
have that for any x^ e A^, there exists t G I such that p3{t) = x^ and d^(x3,x^) = ^ dis (TZ), with 
xf = pf{t) e Af . This implies that A^ C [Af f for any r > ^ dis (7^). We deduce that: 

raf{Af) < m^iAS) + |(t^ - ct^I < {{Afy) + \af - (7»|. 

The same is true with / and g replaced by g and /. We deduce that: 

4(m^ mf ) < ^ dis (7^) + \af - a»| < 2 |1 / - 5 1|^ +\af - a^l 

We get: 

4(r^r3) + d^(0/, 05) + 4(m/, m^) < 611/ - glloo + - a^]. 
This gives the result. □ 

Remark 2.10. We could define the correspondence for more general functions /: lower semi-continuous 
functions that satisfy the intermediate values property (see |13j). In that case, the associated real 
tree is not even locally compact (hence not necessarily proper). But the measurability of the mapping 
/ I— >■ is not clear in this general setting, that is why we only consider continuous function / here 
and thus will assume the Grey condition (see next Section) for Levy trees. 

2.6. Branching mechanisms. Let 11 be a cr-finitc measure on (0, +00) such that we have /(I A 
x'^)Il{dx) < 00. We set: 

(7) Ug{dr)=e~''^ n(dr). 

Let 6' be the set of 6* G E such that /^^ ne(dr) < +00. If B = 0, then 9' = M. We also set 
9^ = inf 6'. It is obvious that [0, -l-oo) C 9', 9oo < and either 9' = [6*00, +00) or 9' = {9oo, +00). 
Let a G M and /3 > 0. We consider the branching mechanism ip associated with (a, (3, B): 

(8) ^p{X) = aX + l3X^+ [ (e-^''-l + Arl{^<i})B(dr), A G 9'. 

J{0,+oo) 

Notice that the function tp is smooth and convex over {600, +00) ■ We say that ip is conservative if for 
aU £ > 0: 

du 

l{0,e] l^(w)| 



/ 



A sufficient condition for -0 to be conservative is to have ■(/''(0+) > —00. This last condition is actually 
equivalent to J^^ rll{dr) < 00. We will always make the following assumption. 

Assumption 1. The function t/j is conservative and we have j3 > or J^^ -^^ £Il(d£) — +00. 
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The branching mechanism is said to be sub-critical (resp. critical, super-critical) if ?A'(0+) > 
(resp. ip'{0+) = 0, ip'{0+) < 0). We say that ip is (sub)critical if it is critical or sub-critical. 
We introduce the following branching mechanisms ipg for G 0': 

(9) i/^e(A) = ?/'(A + 0)-V'(^), x + eee'. 

Let O''' be the set oi 9 E Q' such that tpg is conservative. Obviously, we have: 

[0, +c5o) C e'^ C 6' C 6''' U {9^}. 

If 6* e e'^, we set: 

(10) e = mSix{qEe'f';tp{q) ^tpi9)}. 

We can give an alternative definition of 9 if Assumption 1 holds. Let 9* be the unique positive root of 
tp' if it exists. Notice that 9* = if V' is critical and that 9* exists and is positive if ip is super-critical. 
If 9* exists, then the branching mechanism ipg* is critical. We set 9*' for [6'*,-|-oo) if 6* exists and 
Qf = Q"^ otherwise. The function -0 is a one-to-one mapping from 8^ onto ip{Qt). We write Tp~^ for 
the inverse of the previous mapping. The set {q E <d'^;tp{q) — ip{9)} has at most two elements and 
we have: 

9 = ip-^ otp{9). 

In particular, if ipg is (sub)critical we have 9 = 9 and if ipg is super-critical then we have 9 < 9* < 9. 
We will later on consider the following assumption. 

Assumption 2. (Grey condition) The branching mechanism is such that: 

'•+°° du 

—— < oo. 
ip{u) 

Let us remark that Assumption 2 implies that /3 > or J^^ rll{dr) = +oo. 

2.7. Connections with branching processes. Let -0 be a branching mechanism satisfying As- 
sumption 1. A continuous state branching process (CSBP) with branching mechanism tp and initial 
mass a: > is the cadlag K+-valued Markov process {Za, a > 0) whose distribution is characterized 
hy Zq = X and: 

E[exp(-AZa+a')l^a] = cxp(-Zau(a', A)), A > 0, 
where {u{a, A), a > 0, A > 0) is the unique non-negative solution to the integral equation: 

/■^ dr 

(11) / -^=a; m(0,A) = A. 



/«(a,A) fP{r) 

The distribution of the CSBP started at mass x will be noted P^. For a detailed presentation of 
CSBPs, we refer to the monographs [^.^5] or [^. 

In this context, the conservative assumption is equivalent to the CSBP not blowing up in finite 
time, and Assumption 2 is equivalent to the strong extinction time, inf{a; Za = 0}, being a.s. finite. 
If Assumption 2 holds, then for all h > 0, P''^{Zh > 0) = cxp{—xb{h)), where b{h) = limA-j.+oo u{h, A). 
In particular b(h) is such that 



(h) i^{r) 

Let us now describe a Girsanov transform for CSBPs introduced in [2] related to the shift of the 
branching mechanism tp defined by Q. Recall notation and 6*00 from the previous Section. For 
e e e^, we consider the process M'^^= (M^^^a > 0) defined by: 



(13) M^^" = exp (fe - 9Za - tjj{9) Z^d. 
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Theorem 2.11 (Girsanov transformation for CSBPs, 2 ). Let ^ he a branching mechanism satisfying 
Assumption 1. Let {Za,a > 0) be a CSBP with branching mechanism ijj and let J- = {J-a,ci > 0) be 
its natural filtration. Let 9 £ Q'^' such that either 6 > or 9 < and J^-^ rllg{dr) < +oo. Then 
we have the following: 

(1) The process M^'^ is a J- -martingale under Pf. 

(2) Let a,x >0. On J-a, the probability measure P^" is absolutely continuous w.r. t. Ff, and 

2.8. The height process. Let {Xt,t > 0) be a Levy process with Laplace exponent satisfying 
Assumption 1. This assumption implies that a.s. the paths of X have infinite total variation over any 
non-trivial interval. The distribution of the Levy process will be noted P'^{dX). It is a probability 
measure on the Skorokhod space of real-valued cadlag processes. For the remainder of this section, 
we will assume that is (sub)critical. 

For t > 0, let us write X^^^ for the time- returned process: 

V < s < t, XP =Xt~ X(^t-s)^ 

and X^/^ = Xf Then (xi*\o < s < t) has same distribution as the process {Xg ,0 < s < t). We will 
also write S"!*' = supjQ Xr*^ for the supremum process of X'^^'K 

Proposition 2.12 (The height process, |13j). Let ^ be a (sub)critical branching mechanism satisfying 
Assumption 1. There exists a lower semi- continuous process H = {Ht,t > 0) taking values in [0, -foo], 
with the intermediate values property, which is a local time at 0, at time t, of the process 
such that the following convergence holds in probability: 

1 /•* 

where II = mfs<r<t Xr- Furthermore, if Assumption 2 holds, then the process H admits a continuous 
modification. 

From now on, we always assume that Assumptions 1 and 2 hold, and we always work with this 
continuous version of H. The process H is called the height process. 

For X > 0, we consider the stopping time ~ inf |i > 0, /f < — a;|, where /( — Iq is the infimum 

process of X. We denote by ¥f{dH) the distribution of the stopped height process {Ht^T^,t > 0) 
under P*^, defined on the space C+([0, -|-oo)) of non-negative continuous functions on [0, -l-oo). The 
(sub)criticality of the branching mechanism entails r^; < oo P^-a.s., so that under ¥f{dH), a.s. the 
height process has compact support. 

2.9. The excursion measure. The height process is not a Markov process, but it has the same zero 
sets as X — I (see 13^, Paragraph 1.3.1), so we can develop an excursion theory based on the latter. 
By standard fluctuation theory, it is easy to see that is a regular point for X — / and that — / is a 
local time of X — / at 0. We denote by N"^ the associated excursion measure. As such, is a cr-finite 
measure. Under or N'^, we set: 

a{H) = / l{H^-^Q}dt. 
Jo 

When there is no risk of confusion, we will write a for a{H). Notice that, under P^", a = Tx and that 
under N^, a represents the lifetime of the excursion. Abusing notations, we will write ¥f{dH) and 
N"^ [dH] for the distribution of H under P^ or . Let us also recall the Poissonian decomposition of 
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the measure P^. Under P^, let {aj,bj)j^j be the excursion mtervals of X — / away from 0. Those 
are also the excursion intervals of the height process away from 0. For j e J, we shall denote by 
-ff : [0, oo) M+ the corresponding excursion, that is 



t > 0. 



Proposition 2.13 (|14j). Let ip be a (sub)critical branching mechanism satisfying Assumption 1. 
Under P^, the random point measure M = X^je j '^ff(i) i'^H) is a Poisson point measure with intensity 

xn't'[dH]. 

2.10. Local times of the height process. 

Proposition 2.14 (jl3l. Formula (36)). Let be a (sub)critical branching mechanism satisfying 
Assumption 1. Under N"^, there exists a jointly measurable process {L'^,a > 0, s > 0) which is 
continuous and non- decreasing in the variable s such that, 

Vs > 0, i° = 

and for every t > 0, for every S > and every a > 



lim N'^ 

£-»-0 



l{supif><5} sup 

0<s<t/\a 



l{a<H,-<Q+£} dr - 



= 0. 



Moreover, by Lemma 3.3. of [14 , the process (i^, a > 0) has a cadlag modification under N'^ with 
no fixed discontinuities. 

2.11. (Sub)critical Levy trees. Let -0 be a (sub)critical branching mechanism satisfying Assump- 
tions 1 and 2. Let H be the height process defined under Vf or N"^ . We consider the so-called Levy 
tree which is the random w-tree coded by the function H, see Section 2.5 Notice that we are 
indeed within the framework of proper real trees, since Assumption 2 entails compac tnes s of T^. The 
measurability of the random variable taking values in T follows from Proposition 2.9 and Theorem 



2.6 



When there is no confusion, we shall write T for ■ Abusing notations, we will write Pf{dT) 
ami N'I'idT] for the distribution on T of T = under Pf (di?) or N'^[dH]. By construction, under 
'f or under N"^ , we have that the total mass of the mass measure on T is given by: 

m'^(r) = <J. 

enables us to view the measure N'l'[dT\ as describing a single Levy tree. Thus, 



(14) 



Proposition 



2.13 



we will mostly work under this excursion measure, which is the distribution of the (isometry class of 
the) w-tree T described by the height process under N^. In order to state the branching property of 
a Levy tree, we must first define a local time at level a on the tree. Let (T*'°, i E I) he the trees that 
were cut off by cutting at level a, namely the connected components of the set T\ 7ra(T). If i € /, 
then all the points in T*^° have the same MRCA Xi in T which is precisely the point where the tree 
was cut off. We consider the compact tree = T^'° U {xi} with the root Xi, the metric d^ , which is 
the metric d^ restricted to T\ and the mass measure , which is the mass measure restricted 
to T'. Then (T* , d''"' , , m''"' ) is a w-tree. Let 



(15) 



J^Tidx, dV) = S^^^^r^^idx, dT') 



lei 



be the point measure on T(a) x T taking account of the cutting points as well as the trees cut away. 
The following theorem gives the structure of the decomposition we just described. From excursion 
theory, we deduce that b{h) = N'^ [iJ^aa: (T) > h], where b{h) solves (12). An easy extension of [Tl] 
from real trees to w-trees gives the following result. 
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Theorem 2.15 (jl4|). Let ip be a (sub)critical branching mechanism satisfying Assumptions 1 and 
2. There exists a T -measure valued process {1°" ,a > 0) cddldg for the weak topology on finite measure 
on T such that N^-a.e.: 



(16) m^idx) = I t{dx)da, 







= 0, inf{a > 0; r = 0} = sup{a > 0; T 7^ 0} = H„,ax{T) and for every fixed a>Q, W'-a.e.: 

• is supported on T{a) , 

• We have for every bounded continuous function ip on T: 

(17) (r,^) = l^m^/ ^ix)li^r')>e}J^Tid^^dr) 

(18) = Ijm^/ ipix)l[hir')>e}J^T-eidx,dr), tfa>0. 

Furthermore, we have the branching property: for every a > 0, the conditional distribution of the point 
measure Nj {dx^dT') under N^[dT\HmaxO') > a], given TTaiT), is that of a Poisson point measure 
on T{a) X T with intensity I'' {dx)W' [dV] . 

The measure 1°' will be called the local time measure of T at level a. In the case of Levy trees, it 
can also be defined as the image of the measure dsL1{H) by the canonical projection (see [13 ), so 
the above statement is in fact the translation of the excursion theory of the height process in terms of 
real trees. This definition shows that the local time is a function of the tree T and does not depend 



on the choice of the coding height function. It should be noted that Equation ( 18 ) implies that is 
measurable with respect to the a-algebra generated by TTaiT). 

The next theorem, also from [T3] , relates the discontinuities of the process (^° , a > 0) to the infinite 
nodes in the tree. Recall Broo(T) denotes the set of infinite nodes in the Levy tree T. 

Theorem 2.16 (fl4J). Let ip be a (sub)critical branching mechanism satisfying Assumptions 1 and 2. 
The set {d(0,a::), x G Broo(T)} coincides 1^^-a.e. with the set of discontinuity times of the mapping 
1°" . Moreover, N'^-a.e., for every such discontinuity time b, there is a unique x^ £ Broo(7~)nT(&), 

and 

where A;, > is called mass of the node Xb and can be obtained by the approximation 

(19) Ab = lim T^n{xb, e), 

e->o 6(e) 

where n{xb,s) = J l^j.^xi^j{x)l^H,ria^{T'}>E}{'T')-^b~ {dx,dT') is the number of sub-trees originating 
from Xb with height larger than e. 

2.12. Decomposition of the Levy tree. We will frequently use the following notation for the 
following measure on T: 

(20) N''' [r e •] = i^n^^' [r e •] + / rn(dr) pf [re.]. 

J(0,+oo) 

where if is given by ([s]). 

The decomposition of a (sub)critical Levy tree T according to a spine |0, x], where a; € T is a leaf 
picked at random at level a > 0, that is according to the local time i°'{dx), is given in Theorem 4.5 in 
|14j . Then by integrating with respect to a, we get the decomposition of T according to a spine J0, a;], 
where a; G T is a leaf picked at random on T, that is according to the mass measure m.^. Therefore, 
we will state this decomposition without proof. 
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Let X & T and {xi, i G Ix} the set Br(T) n P, x} of branching point on the spine |0, x}. For i e I^, 
we set: 



r 



where T"'^'^'-* is the connected component of T\ {xi} containing y. We let Xi be the root of T*. The 
metric and measure on T* are respectively the restriction of cf to T* and the restriction of to 
T^\{xi}. By construction, if x is a leaf, we have: 



T 



,^1 (T\x,), 



where |0, x] is a w-tree with root 0, metric and mass measure the restrictions of (f and to |0, x] 
We consider the point measure on [0, H,j.] x T defined by: 

Mx ^J2\h^„T^)- 



Theorem 2.17 (|14j). Let ip be a (sub)critical branching mechanism satisfying Assumptions 1 and 
2. We have for any non-negative measurable function F defined on [0, +oo) x T; 



J nJ{dx)F{Hx,M, 



da e-'^'(°)'^ E 



where under E, "^i^j S(^^. ■fi-j{dz,dT) is a Poisson point measure on [0, +oo) x T with intensity 

dzN^[dr]. 

2.13. CSBP process in the Levy trees. Levy trees give a genealogical structure for CSBPs, which 
is precised in the next Theorem. We consider the process Z = {Za,a > 0) defined by: 

If needed we will write Za{T) to emphasize that Za corresponds to the tree T. 

Theorem 2.18 (CSBP in Levy trees, [13] and [Hj). Let ip be a (sub)critical branching mechanism 
satisfying Assumptions 1 and 2, and let a; > 0. The process Z under is distributed as the CSBP 
Z under P^. 

Remark 2.19. This theorem can be stated in terms of the height process without Assumption 2. 

2.14. Super-critical Levy trees. Let us now briefly recall the construction from [2 for super-critical 
Levy trees using a Girsanov transformation similar to the one used for CSBPs, see Theorem |2.11[ 

Let be a super-critical branching mechanism satisfying Assumptions 1 and 2. Recall 9* is the 
unique positive root of ■0' and that the branching mechanism ijjg is sub-critical if > 9* , critical if 
9 — 6* and super-critical otherwise. We consider the filtration H = (Ha, a > 0), where Ha is the 
cr-field generated by the random variable iTaiT) and the P^"* -negligible sets. For 9 > 9* , we define 
the process M'^-^ = {Mf-'>,a> 0) with: 



M^^^ = exp {9x ~ 9Za - i^{9) Z,ds^ 



By absolute continuity of the measures Vfo (resp. N'^») with respect to P^** (resp. N'^'"*), all the 
processes M^'''~^ for 9 > 9* a re 'H-adapted. Moreover, all these processes are 'H-martingales (see [2] 



for the proof). Theorem 2.15 shows that M^"'' ^ is H-adapted. Let us now define the ip-Levy tree. 



cut at level a by the following Girsanov transformation. 



14 



ROMAIN ABRAHAM, JEAN-FRANgOIS DELMAS, AND PATRICK HOSCHEIT 



Definition 2.20. Let -tjj be a super- critical branching mechanism satisfying Assumptions 1 and 2. Let 
9 > 9* . For a > 0, we define the distribution Vf" (resp. N"^'") by: if F is a non-negative, measurable 
functional defined on T, 

(21) Et'^^iFiT)] = [Mt^'~'F{na{r))_ , 

(22) n^''^[F{r)] = N^' [exp (^92^ + ^ £ Zsids)F{TTa{r)^ 

It can be checked that the definition of P^'" (and of N''^'") does not depend on 6* > 6**. 
The probability measures P^'° satisfy a consistence property, allowing us to define the super-critical 
Levy tree in the following way. 

Theorem 2.21. Let be a super- critical branching mechanism satisfying assumptions 1 and 2. There 
exists a probability measure (resp. a a -finite measure ) on T such that for a > 0, we have, if F 
is a measurable non-negative functional on T, 

n[F{^a{T))]^n^''[F{T)l 

the same being true under . 

The w-tree T under P^ or is called a ^/;-Levy w-tree or simply a Levy tree. 
Proof. For n> 1, < ai < ... < a„, we define a probability measure on T" by: 

P^"^'-""(ri e A,,...,Tn e A„) = P^'^"(r e A„, 7r,„_,(r) G An^i,...,7TadT) e A^) 
if Ai, ...,An are Borel subsets of T. The probability measures pV',ai,...,o„ n> 1, < ai < ... < an 
then form a projective family. This is a consequence of the martingale property of Af^"'"^ and the 
fact that the projectors tt^ satisfy the obvious compatibility relation tt;, o tt^ = tt^ if < 6 < a. 

By the Daniell-Kolmogorov theorem, there exists a probability measure ¥f on the product space 
such that the finite-dimensional distributions of a P^-distributed family are described by the 
measures defined above. It is easy to construct a version of a P^'-distributed process that is a.s. 
increasing. Indeed, almost all sample paths of a P^-distributed process are increasing when restricted 
to rational numbers. We can then define a w-tree for any a > by considering a decreasing 
sequence of rational numbers a„ | a and defining T° — n„>iT''". Notice that T" is closed for all 
a G M+. It is easy to check that the finite-dimensional distributions of this new process are unchanged 
by this procedure. Let us then consider T = Ua>o7~°, endowed with the obvious metric dT and mass 
measure m. It is clear that T is a real tree, rooted at the common root of the T°. All the T° are 
compact, so that T is locally compact and complete. The measure m is locally finite since all the 
are finite measures. Therefore, T is a.s. a w-tree. Then, if we define P^ to be the distribution 
of T, the conclusion follows. Similar arguments hold under N^. □ 

Remark 2.22. Another definition of super-critical Levy trees was given by Duquesne and Winkel 
[16], [H]: they consider increasing families of Galton- Watson trees with exponential edge lengths which 
satisfy a certain hereditary property (such as uniform Bernoulli coloring of the leaves). Levy trees are 
then defined to be the Gromov-Hausdorff limits of these processes. Another approach via backbone 
decompositions is given in |llj . 

All the definitions we made for sub-critical Levy trees then carry over to the super-critical case. 
In particular, the level set measure which is 7ra(T)-measurable, can be defined using the Girsanov 



formula. Thanks to Theorem 2.11 it is easy to show that the mass process (Z^ — {£"', 1), a > 0) i s 



under P^ a CSBP with branching mechanism tp. In particular, with u defined in (111 and 6 by (12) 
we have: 

(23) N'^ [1 - e-^^»] = u{a, A) and [H^aAT) > a] ^ [Z, > 0] = b{a) 
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Notice that b is finite only under Assumption 2. 
We set: 

f +00 



(24) 



Za da — m^(T) 



for the total mass of the Levy tree T. Notice this is consistent with ( 16 1 and ( 14 1 which are defined 
for (sub)critical Levy trees. Thanks to (24), notice that a is distributed as the total population size 
of a CSBP with branching mechanism ip. In particular, its Laplace transform is given for A > by: 

(25) N'^[l-e-^'"] =i/;-i(A). 

Notice that N'f'[a = +00] = V'"^(0) > 0. 

We recall the following Theorem, from [5], which sums up the situation for any branching mecha- 
nisme ip. 

Theorem 2.23 ([!]). Let ip be any branching mechanism satisfying Assumptions 1 and 2, and let 

q> Q such that ip{q) > 0. Then, the probability measure P^' on T is absolutely continuous w.r.t. P^, 
with 

(26) ^ = Ml'« 



d¥^ 



qx~lll(q)cr i 

■'■{cr< + oo}- 



Similarly, the excursion measure N"^' on T is absolutely continuous w.r.t. N''' and we have 

dn'f'" 



(27) 



dN'f' 



When applying Girsanov formula (27 1 to q — 9 defined by (10), we get the following remarkable 
Corollary, due to the fact that i/jg{6 — 0) = 0. 

Corollary 2.24. Let ip be a critical branching mechanism satisfying Assumptions 1 and 2, and 9 G 
with 9 < 0. Let F be a non-negative measurable functional defined on T. We have: 

^(e-e). E^[F(r)l{.<+oo}] =EMF(r)], 

(28) N^o[Fir)ii.<+oc^}]=n'^nF{r)]. 



We deduce from Proposition 2.13 



and Theorem 



2.21 



that M^{dx, dV) defined by ^ with a = 

is under P^ {dT) a Poisson point measure on {0} X T with intensity (Tj0(da;)N'^[dr']. Then we deduce 
from (I2TI, with F =1, that for 9 > 9*: 



(29) 



1 - exp (^0Z„ + 7A(0) ^ Z, 



ds 



2.15. Pruning Levy trees. We recall the construction from [T on the pruning of Levy trees. Let T 
be a random Levy w-tree under P^ (or under W^), with -0 conservative. Let 



fsko) 



{dx,d9) = 5(^xi,9i){dx,d9) 



be, conditionally on T, a Poisson point measure on T x with intensity 2/31'^ {dx)d9. Since there 
is a.s. a countable number of branching points (which have Z^- measure 0), the atoms of this measure 
are distributed on T \ (Br(r) U Lf(r)). 

If n = 0, we have Broo(T) = a.s. whereas if n(M+) = 00, Broo(T) is a.s. a countable dense 
subset of T. If the latter condition holds, we consider, conditionally on T, a Poisson point measure 



,(nod) 



{dx,d9)= ^ S(^^^^g^){dx,d9) 
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on T X M_|_ with intensity 

^ AySy{dx)d6 
!/eBr^(r) 

where A^; is the mass of the node x, defined by ( |l9| ). Hence, if 6* > 0, a node x £ Broo(T) is an atom 
of m("°'i)(dx, [0, 0]) with probabihty 1 - exp(-6'A^). The set 

{x„ i £ r°''} = [x£T, m("°'i)({.T} X M+) > o} 

of marked branching points corresponds Pj'-a.s or N'^'-a.e. to Broo(T). For i £ /""'i, we set 

0i = inf {e* > 0, m("°'^) ({xj X [0, 0]) > o} 

the first mark on Xi (which is conditionally on T exponentially distributed with parameter 0^^ ) , and 
we set 

{0„ J £ Jr"} = {e> 0„ m("°d)({xj X {0}) > o} 

so that we can write 

m'^''°'^\dx,d0) = 5.^.^{dx) i Sg^id0) + 5g^{d0)\ . 

We set the measure of marks: 
(30) M{dx,d0) = m("'"°)(dx,d6i) +m("°'^)(dx,d6l), 

and consider the family of w-trees A{T,A4) = {Ag{T,A4),0 > 0), where the (?-pruned w-tree Ag is 
defined by: 

Ag{T,M) ^{x£T, A4(I0,.tIx[O,0]) - 0}, 

rooted at 0^''(''''^) = 0"^, and the metric d^f'C'"'^) and the mass measure m'^''^^'^) are the restrictions 
of d^ and to Ag{T,A4). In particular, we have Ao(T, — T. The family of w-trees A{T,Ai) 
is a non-increasing family of real trees, in a sense that Ag'{T,A4) D Ag{T,M) for < 0' < 0, see 
Figure [T] In particular, we have that the pruning operators satisfy a cocycle property, for 0i >0 and 
02 > 0: 

Ag^{Ag^{r,M),Me,) ^ Ag^+g^{T,M), 

where Mg{A x [0, q]) ^ M{Ax [0,0 + q]). Abusing notation, we write W'{dT, dM) for the distribution 
of the pair (T, A^) when T is distributed according to N'^((iT) and conditionally on T, is distributed 
as described above. 

The following result can be deduced from j2]. 

Theorem 2.25. Let ip be a branching mechanism satisfying Assumptions 1 and 2. There exists a non- 
increasing T-valued Markov process {Tg, £ Q'''') such that for all q £ O'^, the process {Tg+q, > 0) is 
distributed as A{T, M) under N'^' [dT, dM] . 

In particular, this Theorem implies that Tg is distributed as N^'' for £ and that for 0o > 0, 
under N'^, the process of pruned trees {Agg^g{T),0 > 0) has the same distribution as {Ag{T),0 > 0) 
under N'^oq [dT]. 

We want to study the time-reversed process {T-g,0 £ —Q"^), which can be seen as a growth process. 
This process grows by attaching sub-trees at a random point, rather than slowly growing uniformly 
along the branches. We recall some results from [2J on the growth process. From now on, we will 
assume in this Section that the branching mechanism ip is critical, so that ipg is sub-critical iff 
> and super-critical iff < 0. 
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02 > 



Figure 1. The pruning process, starting from explosion time A defined in (32) 



We will use the following notation for the total mass of the tree Te at time 9 € O'^: 

(31) ae=m^''iTe). 

The total mass process (ere, 6* G 0^) is a pure-jump process taking values in (0, +oo]. 

Lemma 2.26 ([2]). Let ip he a critical branching mechanism satisfying Assumptions 1 and 2. If 
< 6*2 < Oi, then we have: 

Consider the ascension time (or explosion time): 

(32) yl = inf{6lG 9'^, ffe < oo}, 

where we use the convention inf = Oca ■ The following Theorem gives the distribution of the ascension 
time A and the distribution of the tree at this random time. Recall that 9 = ilj~^{ip{9)) is defined in 



(101 



Theorem 2.27 ([!]). Let ip be a critical branching mechanism satisfying Assumptions 1 and 2. 

(1) For all 9 £ O'^, we have n'l'[A > 9] = 9 - 9 . 

(2) If 9ao < 9 < 0, under , we have, for any non-negative measurable functional F, 

N^[F{TA+e',0' > 0)\A ^9]^ ^'{9)N^'[F{Te' ,9' > 0)ao e-'^^^^""]. 

(3) For all 9 G 9'^, we have N'^[crA < +oo|A = 9] = I. 

In other words, at the ascension time, the tree can be seen as a size-biased critical Levy tree. A 
precise description of Ta is given in [5] . Notice that in the setting of [5] , there is no need of Assumption 
2. 

3. The growing tree- valued process 

3.1. Special Markov Property of pruning. In [7], the authors prove a formula describing the 
structure of a Levy tree, conditionally on the 0-pruned tree obtained from it in the (sub)critical case. 
We will give a general version of this result. From the measure of marks, Ai in ( [SO] ), we define a 
measure of increasing marks by: 



(33) 
with 



M^idx,d9') = 5i^^^^g^){d X, d9'), 

-iG/t 
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The atoms {xi, 9i) for i ^ correspond to marks such that there are no marks of M on |0, Xi\ with 
a ^-component smaUer than 0,. In the case of multiple 6j for a given node Xi £ Broo(T), we only keep 
the smallest one. In the case 11 = 0, the measure A^^ describes the jumps of a record process on the 
tree, sec [3 for further work in this direction. The ^-pruned tree can alternatively be defined using 
instead of M as for 6 > 0: 

Ke{TM) = {xeT, M\l%,xlx[Q,e]) = 0}. 

We set: 

ll = {iel\x^eU{Ag{T,M))} = {teI^J,<e and X^(I0,x,|x[O,6']) = 0} 
and for i E I^: 

where T^'^ is the connected component of T\{x} containing y. For i e /J, T* is a real tree, and we 
will consider Xi as its root. The metric and mass measure on are the restriction of the metric and 
mass measure of T on . By construction, we have: 

(34) T^Ag{T,M)®^^j,{r,x,). 

Now we can state the general special Markov property. 

Theorem 3.1 (Special Markov Property). Let ip be a branching mechanism satisfying Assumptions 
1 and 2. Let 6 > 0. Conditionally on Ag{'T,M), the point measure: 



Mlidx,dT',d0') = ^ 5(^^^^r\e,){dx,dT' ,de') 



under Vf^ (or under ) is a Poisson point measure on Ag{'T,A4) x T x {0,0] with intensity: 
(35) m^<'C^'^)(dx)(2/3N'^[dr']+ / n(dr) re-^'^-pf (dT')) l(o,e](^') rf^'- 



(0,+oo) 



Proof. It is not difficult to adapt the proof of the special Markov property in [7| to get Theorem 3.1 



in the (sub) critical case by taking into account the pruning times 9i and the w-tree setting; and we 
omit this proof which can be found in [5]. We prove how to extend the result to the super-critical 



Levy trees using the Girsanov transform of Definition 2.20 



Assume that ip is super-critical. For a > 0, we shall write Ag^a{T,M.) = TTa{Ag{T,M.)) for short. 
According to ( pi] ) and the definition of super-critical Levy trees, we have that for any a > 0, the 
truncated tree T^aiT) can be written as: 

TTaiT) = Ag,a(J,M) (^a-H., (T*), X,) 

H^.<a 

and we have to prove that X^ie/'f ^{xi,T\Oi)id'X,dT' ,d6') is conditionally on A0(T, A^) a Poisson point 
measure with intensity (35). Since a is arbitrary, it is enough to prove that the point measure Ma-, 
defined by 

Ma{dx,dr,de') = MH.,<a} &i,,^,^^_„^^(r^)fi^){dx,dT\de'), 
tell 

is conditionally on Ae_a(T, A^) a Poisson point measure with intensity : 
(36) l[o,a](ifx) m^''C^'^)(dx) l(o,,](0') de' 

(2f3{na-Hj*N^{dr) + [ n{dr) r e'"'^' {na-Hj^Pf {dT')) . 

^ 7(0, +oo) ^ 
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Recall 0* is the unique real number such that ip'g, (0) = 0, that is, such that il^e* is critical. Let 
$ be a non-negative, measurable functional on Ae ,j(7~, A^) x T x (0,0] and let be a non-negative 
measurable functional on T. Let 

B = n^[F{keATM))^M~ {Ma, *))]. 



Thanks to Girsanov formula ( |22| and the special Markov property for critical branching mechanisms, 
we get: 



B = N'^«- \F{Ke.a{T,M))GM-{Ma,^))c^I>[e*Za{T)+iAn Zh{T)dh 
= N'^"- [F{kgAT,M)) exp (rz,(Ae(r,X)) + A^ Zh{Ag{T,M))dh^ 

with m^o--^^^^'>idx) = lio,a]{H^) m^o^^'^Hdx) and G{h,x,0) equal to: 
9' |2/?N'''' 



d0' 



l-exp{-^x,7ra-h{r),0') + e*Za-k{T) + i^{e*) / Zt{T)dt 



i — h 



n(,.(dr)re-^''^E^- 

{0,+oo) 



a—h 

i-eM-Hx,T^a-h{T),e') + e*Za-h{T) + Ae*) I Zt{T)dt) 





By using the Poisson decomposition of P™* (Proposition 2.13 1, we see that G{h, x, 9) can be written 
as: 

G{h,x,e)= [ de'{2Pg{h,x,9')+ I IVg*{dr) re'^''' {I - ey.p{~rg{h,x,e')))\, 

Jo ^ J{0,oo) ^ 



with 



g{h,x,e') = n'f"'' 



i-h \ 

1 _ exp ( -^{X, TTa-h{T),e') + e*Za-h{T) + ^0*) / Zt{T)dt 

J 



Thanks to the Girsanov formula and (|29|), we get: 



{i-exp{^<i>{x,TTa-h{T),e')))exp(^e*Za-h{T) + Ae*) / Zt(r)dt) 



a — h 



i-exp(e*Za-h{r) + ^ij{e*) f Zt{T))dt) 



l-exp{-<^>{x,^a-h(T),6')) 



With ~g{h,x, 9') =W' l-exp(-$(x,^a-h(r),0')) 



and thanks to (7), we get: 



G(/i, x,e)= j de'^2l3~g{h, x, 9') + 



(o.oo; 



n{dr) r c-"'"' (1 - cxp{-rg{h, x, 61'))) } 



A9*)-Mo*)- 
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Notice that from the definition of G we have g replaced by g, lig* replaced by 11 and the additional 
term ij^ie*) - ^e{.d*). As J m^"-'^^'^'^^ (dx) = Zh{Ae{T))dh, we get: 

(37) B = N'"^- [F{Ag,air,M))R{Ag,a{r,M)) 

exp (^9*Za{Ae{T,M)) + ZhiMT, M))dh 

with 



(38) R{T) = exp - y in^{dx) dO' 2(3g{H^, x, 9') 



(0,oo) 



U{dr) r e-'''- (1 - exp(-r5(iJ„ x, 9'))) 



Taking $ = (and thus i? = 1) in (|37]) yields: 
(39) N^[F{Ag^aiT,M))] 



F{AeAT,M))exp(^9*Za{Ae{T,M)) + Mn f Zh{Ae{T,M))dh 



Using ( 39 ) with F replaced by FR gives 



{Ma,^))F{Ae,a{TM)) =B = N^ [FiAeAr,M))RiAe.aiT,M))] . 



This implies that Ada is, conditionally on Ae^a(7~,A^), a Poisson point measure with intensity (36). 
This ends the proof. □ 

3.2. An explicit construction of the growing process. In this section, we will construct the 
growth process using a family of Poisson point m easu res. Let t/; be a branching mechanism satisfying 
Assumptions 1 and 2. Let 9 e 0^ . According to (20) and (|7|, we have: 



(40) 



N"^" [T e •] = 2/3N'^» [T e •] + / n{dr)re-'''^¥fo{r £ •). 

J(0,+oo) 



Let r(°' e T with root 0. For g e O'^' and g < 61, we set: 

T(0)=r(°' and =m'^'°'. 

We define the w-trees grafted on T'-'^' by recursion on their generation. We suppose that all the 
random point measures used for the next construction are defined on T under a probability measure 
Q^'"\du;). 

Suppose that we have constructed the family of trees and mass measures ((Tg'^'', niq"''), < k < 
n^qeO'^n {-oo, 9)). We write 

= IJ t("). 

qee^, q<e 

We define the {n + l)-th generation as follows. Conditionally on all trees from generations smaller 
than n, < k < n, geG'^n {-oo, 9j), let 

Ug^+\dx,dr,dq)^ 5(,^^r^^e,){dx,dT,dq) 

be a Poisson point measure on T(") X T X 8"^ with intensity: 

pL'^+\dx,dT,dq) = m(")(da;)N'^'[d'n l{,<e} dq. 
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For q g 9''' and q < 9, we set 



and we define the tree T, 



(n+l) 



and the mass measure m, 



(n+l) 



by: 



j(„+i) (r^:r,) and m^^+D = ^ irJ' (dx). 

Notice that by construction, (T^"\n € N) is a non-decreasing sequence of trees. We set the 
completion of U„gN2'g"\ which is a real tree with root and obvious metric d^', and we define a mass 
measure on Tg by m^" = J2neN ™-q^^ ■ 

For q e Q"^' and q < 6, we consider the cr- field generated by T'"-* and the sequence of random 

point measures {liq>^[q^g]}J\fg"\dx,dT,dq'),n e N). We set Afg — J2n£ti-^e- ^he backward random 
point process q i— > l^q<:gijAfg{dx, dT, dq') is by construction adapted to the backward filtration {J-q, q G 

e'^n(-oo,6i]). 

The proof of the following result is postponed to Section [XS} 



Theorem 3.2. Let ip be a branching mechanism satisfying Assumptions 1 and 2. Under Q^" := 

process 

((T„d'^',0,m*'),ge e'^n(-oo,0]) 

is a T-valued backward Markov process with respect to the backward filtration J-^ — {Tq^q E 0^ D 
(-00,6*]). It is distributed as {{Tq,ni^''), q e Q'f' n {-oo, 9]) under N"^. 

Notice the Theorem in particular entails that (Tg, 0, m'^'') is a w-tree for all q. 
We shall use the following Lemma. 

Lemma 3.3. Let be a branching mechanism satisfying Assumptions 1 and 2. Let K be a measurable 
non-negative process (as a function of q) defined on x T x T which is predictable with respect to 
the backward filtration J-^ . We have: 

J N'gidx,dT,dq) Kiq,1q,1q^) ^ Q^"> J K (^q,%q,1q ® {T, x)'^ ^dx, dT, dq) 

where ^ig{dx,dT,dq) = J2neN' lJ'"'idx,dT,dq) = m^"{dx)'N'^'^[dT\ ^iqeO^ .q<e} dq. 
This means that the predictable compensator of Mg is given by: 

fig{dx,dT,dq) = m^' (da;)N'^« [d7l l{geev',g<e} dq. 

Notice this construction does not fit in the usual framework of random point measures as the support 
at time q of the predictable compensator is the (predictable backward in time) random set x T x 8'''. 

Proof. Based on the recursive construction, we have: 



J Ng{dx,dT, dq) K{q,1q,1q_) 



+ 00 

n=0 



M^idx,dT,dq) K{q,Tq,Tq®{T,x)) k<n, s< 



Now, by construction, we have that: 
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for Tj = 1g\Tq'"'" which is a measurable function of l^qi^qjj\fg{dx, dT, dq') and of the point measures 
l{g/>q}A/'^(rfa;, dT, dq') for ^ > n + 1. Therefore, applying Palm formula with the function 

(q, r, X, ^-.<r^A)) = Q^" [^(9' ^9"^ 

^^"^ ® {T,x)) I k<n, s< e),M^ 

we get: 







y" Ne{dx,dT, dq) K{q,1g,1g_) 

+00 „ 
= ^ Q'^'' \Q^' \ / ^^'(rfa;, rfr, dq) 



n=0 



+00 



Fn(q,T,x, J2 ^-j,r^,Oj)) I k<n, s<e) 



Y^Q^o \qM i4{dx,dT,dq) 



n=0 



+00 



Fn{q,T,x, h^„T^,e,)) I (^i'''' fc<«. s< 



= Yq 



n=0 



+00 



J i4{dx,dr,dq) i^(g,T(") ®.^_^(„, ('T;-,^;,), 
Y Q^' / /"^('^a;, dr, dq) kU Iq, % ® (T, x)) 



n=0 



K(q,'Zg,1g®{T,x)] Heidx,dT,dq) 



□ 



It can be noticed that the map g 1— >■ Tg is non-decreasing cadlag (backwards in time) and that we 
have, for j G U„gNJ'^"\ Xj e le.: ^e^- — ® {T^ ,Xj). In particular, we can recover the random 
measure Mg from the jumps of the process (Tg, q G fl (—00, ^]). This and the natural compatibility 
relation of Ne with respect to 6 gives the next Corollary. 

Corollary 3.4. Let tp be a branching mechanism satisfying Assumptions 1 and 2. Let {Te,0 e Q'^) 
be defined under N'^ . Let 

be the random point measure defined as follows: 

• The set {9j]j € J} is the set of jumping times of the process {Te,d G Q^): for j € J, 

• The real tree is the closure of Tg- _ \ Tg- . 

• The point Xj is the root ofT-' (that is Xj is the only element y € T$ - such that x S T-* implies 
ly,xjcT^). 
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Then the backward point process 9 i— >■ l[g<qijjV{dx,dT,dq') defined on 0^ has predictable compen- 
sator: 

fi{dx,dT,dq) = m.'^''{dx)N'l''^[dT\ l{qee^} dq, 

with respect to the backward left- continuous filtration J- — {J-q, 9 £ Q'^) defined by: 

Te = <y{{x,,T\9,)-9< 9,) = a{%-;9 < q). 

More precisely, for any non-negative predictable process K with respect to the backward filtration T , 
we have: 



(41) N''' 



J Afidx,dT,dq) K(^q,Tq,Tq-) =1^^^ j pL{dx,dT,dq) K(q,Tq,rq®{T, 



Remark 3.5. Notice that Assumption 2 is assumed only for technical measurability condition, see 
Remark 2.10 We conjecture that this results holds also if Assumption 2 is not in force. 



As a consequence, thanks to property 3 of Theorem 2.27 we get, with the convention sup( 
that: 

A = sup{6'j, j e J and a-' — +00} with aj — m^' (T-*). 



3.3. Proof of Theorem 



3.2 



By construction, it is clear that the process (1q,q G n {—00, 9]) 
is a backward Markov process with respect to the backward filtration {J-q.q £ Q'^ n {—00, 9]). By 
construction this process is caglag in backward time. Since the process {Tq,q £ Q'^) is a forward 
cadlag Markov process, it is enough to check that for 6*0 £ Q'^ , such that 9o < 9, the two dimensional 
marginals (Te^jTe) and {Te^^Tg) have the same distribution. 

Replacing ip by tpeg, we can assume that 9o = and < 9. We shall decompose the big tree 
To conditionally on the small tree Tg by iteration. This decomposition is similar to the one which 
appears in [T] or [35] for the fragmentation of the (sub)critical Levy tree, but roughly speaking the 
fragmentation is here frozen but for the fragment containing the root. 

We set T(°) = Te and m(°) = in^o , so that (l'"), m(°)) and {T^°\ui'^°'>) have the same distribution. 
Recall notation A^^ from (331 as well as (34 1: To = T^^-* {T^,Xi), where we write /J'^ = /J 

and where — '^^^jtA 5{xi.T\6i) is, conditionally on T^'^\ a Poisson point measure with intensity: 



iy\dx,dT',dq) = m'^"\dx)(2(3N^[dT'] + [ n(dr) r e''^'' Pf (dT')) l(o0](9) dq. 

^ JiO,+oo) ' 

For i e /J'^, we define the sub-tree of T*: 

r = {xer;X^(lx„xIx[O,0,]) -0}. 

Since is distributed according to (or to P'f. for some > 0) , using the property of Poisson point 
measures, we have that conditionally on T° and 6*.;, the tree is distributed as Ae;(T, A^) under W^' 
(or under Pf^ that is the distribution of f * is W'o- \dT\ (or Ptl' (dT)), thanks to the special Markov 
property. Furthermore we have T* = T* ®-,^jr.2 (T' ,Xi') where 



is, conditionally on T^^-* and T* a Poisson point measure on T' x T x (0, 9] with intensity: 



{dx){2/3N'^{dT') + 



(0,+oo) 



n{dr)re-''' Pt{dr)) l[o.eo(9) dq 
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Thus we deduce, using again the special Markov property, that: 

J^g{dx,dT,dq) ^ ^ S^^^ fi g,^{dx,dT,dq) 

is conditionaUy on T'' a Poisson point measure on r^"^ X T X 9"^ with intensity: 

fi\dx,dT,dq) = m(0)(da;)N'^'[d7l l[o,e)(g) dq, 

with m"^\dx) = m^'^^dx). We set T'^-* = T*-*^-* ®^g^t,i (T*,a;i) for the first generation tree and for 
qe[0,e]: 

mW(da;)= ^ m'^' (dx)l[o,e,) ((?). 

See Figure [2] for a simplified representation. We get that {1.g^\ {m"(l\ q e [0, 0]), m'^*°' ) and 
(r(i\(m^'\(ZG [O,0]),r("\m(o)) have the same distribution. 




Figure 2. The tree To, T'-^', and a tree and its sub-tree T* belonging to the first 
generation tree T'^-* \ T'"-*. 
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Furthermore, by collecting all the trees grafted on T^^\ we get that T — T^^-* ®^,^jt,2 (T* ,Xi') 
where la = U^^jt,ilg\ and 



i'e/i 



is, conditionally on (T'^^\ {rhil\ q G [0, 6*]), T*-"', m'-^-') a Poisson point measure on r(i) X T X (0,61] 
with intensity: 

v'^{dx,dT,dq) ^ m^^\dx) (2/3N'^(dr') + / n(dr) r q-'^'' f't {dT')) l[o.e]{q) dq. 



(0,+oo) 



Notice that: 

(42) T*-^' = {a; e To; A^^(I0,2;|x[O, t/jj s -1-1 ana va.Q ' \ax) ^ va.^"' \ax) ^ L-ymyx) va.'"\ax) 
Then we can iterate this construction, and by taking increasing limits we obtain that the pair 

((U„gN'Je"\ X^neN '^o) has the same distribution as (T'jT^^-*), where: 

T' = {a; G ro;A^^(P,a;Ix[0,e']) < +CX3} and m'(da;) = l-7-'(a;) m'^«(dx). 

To conclude, we need to check first that the completion of T' is To, or as To is complete that the 
closure of T' as a subset of To is exactly To and then that m^°(T''^) — 0. 

Notice that has less marks than M.. Then Proposition 1.2 in [T] in the case when /3 = or 
an elementary adaptation of it in the general framework of [28* , gives there is no loss of mass in the 
fragmentation process. This implies that, if ■(/' is (sub) critical, then: 

(43) m'^o({a; e To; X([0, a;[x [0, 6*]) = cx)} = 0. 

Then, if ^/^ is super-critical, by considering the restriction of To up to level a, 7ra(To), and using a 
Girsanov transformation from Definition 2.20 with 9 = 9* and (43), we deduce that (43) holds for 
T^aOo)- Since a is arbitrary, we deduce by monotone convergence that (43) holds also in the super- 
critical case. Thus we have m'^(T"^) = 0. Since the closed support of m'^is the set of leaves Lf(To), 
we deduce that Lf(T') is dense in Lf(To) and, as T' and To have the same root, that Sk(T') = Sk(To)- 
This implies that the closure of T' is To- This ends the proof. 

4. Application to overshooting 

We assume that tp is critical, ^oo < and Assumptions 1 and 2 hold. We shall write (resp. b^) 
for the solution of ( 11 ) (resp. ( 12 )) when ip is replaced by ipe, for a > 0, /i > and t S [0, h): 

f-A 



(44) 



dr 



a, and bl{t) = b^h - t) with 



We have u%a,b%h - a)) = b%h). Notice that dhb%h) /i^eib'^ [h]) 
ip0(u^{a,X))/4'e{^) which implies that: 



dr 



(45) 



Oxu^ia^b^ih-a)) 



bO{h) Mr) 
- —1 and that d\u^{a,X) 

dhb\h-a). 



We set for 9 e Q'f' and A > 0: 

(46) je{X) = ^e(A) - i^eW = V-'IA + 0) - ^'(0) = dgM^)- 

Notice the function 79 is non-negative and non-decreasing. 

Recall that 9 = ip''^ o ^{9). We deduce from ^ that for 6* e G"^, 61 < and /i > 0: 

(47) 9 + h\h) = 9 + b\h) and ip§{b\h)) = i}g{b\h)). 
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4.1. Exit times. Let h > 0. We are interested in the first time when the process of growing trees 
exceeds height h, in the following sense. 

Definition 4.1. The first exit time out of h is the (possibly infinite) number defined by 

=SUp{0e H^ax[Tg) > h}, 

with the convention that sup — ^oo • 

The constraint not to be higher than h will be coded by the function b^{h) which is the probability 
(under N"^) for the tree of having maximal height larger than h. By definition of the function b, 
we have for 6 G Q"^: 

(48) N^' [9 < A,,] = [HrnaAre) >h]= b\h). 

Proposition 4.2. Let ijj be a critical branching mechanism with Ooo < and satisfying Assumptions 
1 and 2. The function 6 t-^ b^ is of class on (0oo, +cxd). And, under , the distribution of Ah on 
{0ao, +oo) has density 9 i— !■ —dgb^{h) with respect to the Lebesgue measure. We also have the following 
expression for the density of Ah on (^oo, +c»). Let 0oo < 9 and h > 0. Then: 

-deb\h) = Mb'ih)) t da ^4S4t = t da le{b' {h - a)) e-^'^'^'^-^S i<>{b\h-.)) 



Mb' (a)) Jo 

Notice that the distribution of Ah might have an atom at ^oo • 

Proof. Notice that for 9oo < 9, we have limA->.+oo '4'" {^) — P and liniA->.+oo V-''(-^) = +oo. In particular 
ip'g{X)/^g{X) is bounded for A large enough. This implies that f °° dr '4>'g{r)/4'e{rY finite thanks 
to Assumption 2. We deduce that the function 9 ^ bf^ is of class on (0oo:+oo) and, thanks to 
(48 1, that under N'^, the distribution of Ah on (6*00, +00) has density 9 i->- —dgb^{h) with respect to 
the Lebesgue measure. 

Taking the derivative with respect to 8 in the last term of ( 44 ) , using ( 46 ) and the change of variable 
r = b^{a) gives the first equality of the Proposition: 

(49) -deb'^ih)=Mb'ih)) dr ^ Mb' (h)) fda^f^^- 

JbO(h) Ve{ry Jo ^jje{b%a)) 



From (|44| we get that dtbl{t) = ip0{bl{t)). Hence, we have: 

Jo MbhKr)) \MbhW) 



This gives: 
(50) 

We deduce that 



^e{bi{r))dr = j'^ Mbi{r)) dr - t^'{9) = log (^^||||y) " ^V''^- 



\aMb\h-a)) e-'^'W-/o°'^-'^«(^^(''--))=V^,(6«(M) Tda^^S^' 

Jo Ve{b"{a)) 

This proves the second equality of the Proposition. □ 

Since we will also be dealing with super-critical trees, there is always the positive probability 
that in the Poisson process of trees an infinite tree arises, which will be grafted onto the process, 
effectively making it infinite and thus outgrowing height h. In the next proposition, we will compute 
the conditional distribution of overshooting time Ah, given A. Note that we always have A < Ah. 



EXIT TIMES FOR AN INCREASING LEVY TREE- VALUED PROCESS 



27 



Proposition 4.3. Let ip be a critical branching mechanism with 9oo < and satisfying Assumptions 
1 and 2. For Oca < Oq < and 9o < (that is -tpgg super- critical), we have, with 9 = 9o ^ do + 9: 



n^[Ah > 0\A = 9o] = l- ^/i9)^^gib\h)) 
= A\A = 9o] = ^P'i0o)^g(b'Hh)) 



+°° dr 
bS(h) i'eiry 
+°° dr 

Since V'so sub-critical, we have ip'{9o) > and ipg^{r) ^ rip'{9o) when r goes down to 0. Since 
hm/i^+oo b^"{h) — 0, we deduce that: 

Hm N'f'iAh = A\A = 9o] = I. 

This has a straightforward explanation. If h is very large, with high probability the process up to A 
will not have crossed height h, so that the first jump to cross height h will correspond to the grafting 
time of the first infinite tree which happens at the ascension time A. 
We also deduce from (47 1 that: 

(51) 



N^[A^, = A\A = 9o] = ^'{9o)^eo{h''{h)) 



4-00 



dr 



Proof. We use the notation Zf^ = ZhiT^) and Zh = Zh{T"). We have: 

N^[Ah > 9\A = 9o] = N'^iZ^ > 0\A = 9o] = E^[Z^+'^''-'^°^ > 0\A = 



CTol^^(f.-ao)>o} 



-i/)(eo)o-o 



where we used (2) of Theorem 2.27 fo r the third equality, Girsanov formula (27) for the fourth and 
the homogeneity property of Theorem 2.25 in the fifth. We now condition with respect to T^. The 
indicator function being measurable , the only quantity left to compute is the conditional expectation 
of ctq^ given T^. Thanks to Lemma 2.26 the fact that 9 > and the homogeneity property, we get: 



N'f'[Ah>9\A = 9a]='ijy{9)N'f' 



- ^y{9)U^o [al{2.>o}] 



Using that [a] = l/il''{9), which can be deduced from (|25|, we get: 

r r'' 

N^[Ah>9\A = 9o]^^'{9)N^i[a]~^'i9)N^s / Z,dal{2,=o} 



1 - ij'{9) / da lim N'^« 

A— >oo 



Z„ e' 



Now, conditioning by Za and using limA-i-oo u^{h — t,X) = b^^(t) as well as (23), we get: 



lim N'^e 

A— foo 



= lim N'^i 

A— J-oo 
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Then use (451 to get: 



h 







da Hm N'f's 




-L 


A— J-oo 







h 



dadxu\s,hl{a)) = ^^{h'{h)) I da 



\dhh%h-a)\ 
^^{b^{h-a)Y 
+°° dr 



and thus deduce the first equahty of the Proposition. Notice J^°° dr/^pg{r)'^ < +oo thanks to As- 
sumption 2 (in fact this is true in general). Let 9 go down to 6*0 and use the fact that N'^'-a.e. A < Ah 
to get the second equality. □ 

Remark 4.4. In the quadratic case ip{u) = fiu^, we can obtain closed formulae. For all > 0, we have: 
u«(t,A) = — — — — and b''it)= 



{29 + \) e:^p{2l39t) - X c^m -i 

We have the following exact expression of the conditional distribution for 9q < 9, 9o < and with 
9o = \9o\ - -6*0 and 9^9 + 2\9o\: 

E'f'iAh > 9\A = 6*0] = 1 + {P9h)/smh^{l39h) ~ cotanh(/30/i), 

N'f'iAh = A\A = 9o] = l39oh/sinh^{l39oh) - cotanh(/?6'o/i). 

Notice that \imgg^_^ N^[Afi = A\A — 9o] — 1. This correspond to the fact that if A is large, then 
the tree Ta is small and has little chance to cross level h. (Notice that Ta has finite height but Ta- 
has infinite height.) Thus the time A^ is equal to the time when an infinite tree is grafted, that is to 
the ascension time A. 

4.2. Distribution of the tree at the exit time A^- Before stating the theorem describing the tree 
before it overshoots a given height h > under the form of a spinal decomposition, we shall explain 
how this spine is distributed. Recall (461 for the definition of 79. 

Lemma 4.5. Let ip be a critical branching mechanism satisfying Assumptions 1 and 2. Let 9 £ 0"^. 
The non-negative function 

(52) f:t^ le{bl{t)) exp ( - j'^ le{bl{r))dr) 

is a probability density on [0, h) with respect to Lebesgue measure. If ^ is a random variable whose 
distribution is f, then we have E[exp(— ■(/''(S)^)] < +cxi. 

Notice the integrability property on ^ is trivial if > 0. 

Proof. Notice that / = g' c-9 with g{t) J^le{biir)) dr. Thus we have /J* / = g' e'^ = 
Q-gio) —Q-a{h) and / is a density if and only if g{h) ~ 00. We deduce from (50) that Jq 7e{bhir))dr 
diverges as t goes to h. The last part of Proposition 4.2 implies that '^^-'^ is integrable. □ 

Recall Equation ^ defining the grafting procedure. 

Theorem 4.6. Let ip be a critical branching mechanism satisfying Assumptions 1 and 2. Let 9ao < 9 
and let F be a non-negative measurable functional on T^. Then, we have: 



[F{Ta, ; Ta,-)\Ah 
1 



E 



F(l0,xl®,e/(r,xO ; (10,xl®,e,(r,x,))®(r,x)) e-^'^'^"- 
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where the spine 
and: 



, x] is identified with the interval [0, ifx] (and thus y G |0,x] is identified with Hy) 



• The random variable H-^ is distributed with density given by {52). 

• Conditionally on H^, sub-trees are grafted on the spine [0,i?x] according to a Poisson point 
Y.i,^i^{x,,T-) on [0,i/x 



measure Af = y^,cr ^(x^.t^) on [0, i/xl x T with intensity: 
(53) Mda, dT) = da {2(i{e + 6^(a))N'^« [dT, H„,ax{T) < h ~ a] 

,(,)(dr)P^(dr,H,„a.(r) <h-a)y 



rn, 



'(0,+oo) 

• Conditionally on and on J\f , T is a random variable on T with distribution 

^^'[dT\Hrnax{T)>h-H^]. 

In other words, conditionally on {A}^ = 0}, we can describe the tree before overshooting height h 
by a spinal decomposition along the ancestral branch of the point at which the overshooting sub-tree 
is grafted. Conditionally on the height of this point, the overshooting tree has distribution N'''*[c?T], 
conditioned on overshooting. 



as a condition- 



If > then 'ip'{9) > 0, and we can understand the weig 

ing of the random variable to be larger than an independent exponential random variable with 
parameter ip'{6). 

Remark 4.7. When h goes to infinity, we have, for 9 > 0, lim/i_j._|_oo b^{h) ~ and thus the distribution 
oi Afi concentrates on 8''^n(— oo, 0). For 9 < a nd 9 € 0'^', we deduce from (47) that lim^_j.+oo b^{h) — 
9 — 9 > 0. And the distribution of ^ in Lemma 4.5 clearly converges to the exponential distribution 

with parameter 'ye{b\+oo)) = tl;'{9) - ^'{9). Then the weight e''^'^®)^- /E e"'''''^'^- changes this 

distribution. In the end, is asymptotically distributed as an exponential random variable with 
parameter ip'{9). Notice this is exactly the distribution of the height of a random leaf taken in 7a, 
conditionally on {A = 0}, see Lemma 7.6 in [5]. 

Remark 4.8. A direct application of Theorem |4.6| with F{T;T') chosen equal to 

GiT;T') - 1 



(54) 

allows to compute ioT 9 < 0: 

N^[A = A,,\Ah 



{m'^(r)<+oo,m'^' (r')=+oo} ' 



e] = {^'{9)-i;'{9)) 



C[9,h) 



where C{9,h) 



i;'i9)Mb'ih))J,o^^~,dr Mr)'^ = N^[^ - A|A 
consequence of (51). As lim;i_)._|_oo = Ah\A = 9] = 1, we get that 

hm N'^[A^Ah\Ah = 9] = l. 



ij'{9)~ij'{9)Ci9,h)' 

9]. The last equality is a 



Remark 4.9. By considering the function G in (54 1 instead of F in the proof of Theorem 4.6 



recover the distribution of 7a given in [5], but we also can get the joint distribution of (7a-,7a). 
Roughly speaking (and unsurprisingly), conditionally on {A = 9}, Ta- is obtained from 7a by graft- 
ing an independent random tree T on a independent leaf x chosen according to m^-* (da;) and the 
distribution of T is N"^" [dT, Hmax (T) — +oo] . Notice that choosing a leaf at random on 7a gives 
that the distribution of 7a is a size- biased distribution of N'^" [dT]. 
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Proof of Theorem \4.6[ Thanks to the compensation formula (41 1, we can write, if g is any measurable 
functional M h- > with support in (^ooi +00): 



dO g{e)B{0,h), 



where, using the homogeneity property and the Girsanov transformation ( 28 ) 



B{e, h) = N''' 



MH,^^ATe)<h} J m^'idx) J N"^'[dT]F{Te ; Te®{T,x))l{ 
j nJ{dx) j ^^^[dT]F{T; T ® (T, 
j nJ{dx) j ^^o[dT]F{T; T ® {T,x))1^h^+h^^ 



HH,^aAr)<h} 



(T)>h} 

m>h} 

{T)>h} 



Notice we replaced only N^" by N^^ in the last equality. 

We explain how the term ^{Hmam{T)<h} change the decomposition of T according to the spine 
given in Theorem 2.17 Let $ a non-negative measurable function defined on [0, +00) x T and ip a 



non-negative measurable function defined on [0, -l-oo). Using Theorem 2.17 and notations therein, we 
get: 



da ip{a) e-'^9(°)° E 



da ip{a) exp ( -ij'{0)a - / dx [l - e-*(="''^) 



AT)<h-x} 



Using the definition of N'''», see (40), (46) and the Girsanov transformation (28), we get: 



1 _ e-*(-.^) 1 



{Hrr^a^(T)<h-x} 



^ls{b'{h-x)+N'^' [( 



{H^^^{r)<h-x} 



1-e 



'-{H„,a,^{T)<h-x} 



Thanks to (46) and (47 1, we have for A > 



-fg{b%h -x) + \)= 7e+b» (A) + leib'ih -x)) + ^'{9) - ^'{9). 
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Take A = N'^" [(l - e-*^^''^)) l{H^^^iT)<h-x}] , to deduce that: 



j vpJ'{dx)Lp{Hx)e~ 



{M^,<i>) 



■{H^^,(T)<h} 



da if (a) exp i —ip' {6)a — / dx ^g[h^ (h — x)) 



exp 



dx 



le+bO{h-x) 



da (p{a) exp -'ilj'{e)a - dx -ie{h\h - x)) E 



,(T)<h-x} 



where under E, X^ie/ ^(z t>)('^-^' ^T) is a Poisson point measure on [0, /i] x T with intensity ve in (53). 
Since Laplace transforms characterize random measure distributions, we get that for any non-negative 
measurable function F, we have: 



VcJ (dx)F{H:,,Mx)'^{H^^^(T)<h} 



da e-i''(e)a-j^^dx'(g(bO{h-x))^ 



F a,J2^{z.<a}^i.,^ 



If we identify the spine |0,a;] (with its metric) to the interval [0, iJ^] (with the Euclidean metric), we 
can use this result to compute B(0, h) with: 

F{H^,Mx)= j N^<'[dT\H, + Hmax{T)>h]F{T ; T®lT,x)), 

Mx = E.e/.'^(ff.,,r-) and T = [0,H,] iT\H,J. Since N'^^ [i?™a. (T) > h] ^ leib%h)), we 

have: 



^e{b%h-H^))F{H,„Mx)^ j N^ndT]F{T ; T ® (T,x))1^h^+h„ 



r(T)>h}- 



Therefore, we have: 
B(d,h) = N^e" 

Jo 

Thus, we get: 

f 



l{ff™„.(r)<M / ^^(dx) J N^ndT]F{T;T®{T,x))l 



>h} 



da -i9{h%h - a)) e-^'W^-^o" ''^ loib^h-x)) g 



de g{9) / da ig{b\h - a)) e""^' ^^--/'o'" yoi^ih^x)) 



E 



Then use the distribution of under N"^ given in Proposition 4.2 to conclude. 



□ 
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